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The spectrum of Schrodinger operators with periodic
Aharonov-Bohm magnetic elds
By
Takuya MINE and Yuji NOMURA
Abstract
We shall consider the magnetic Schrodinger operators on R2. The magnetic eld is the
sum of a non-zero uniform magnetic eld and periodic pointlike magnetic eld on a lattice. In
[1], we gave a sucient condition for each Landau level to be a innitely degenerated eigenvalue.
This condition is also necessary for the lowest Landau level. Moreover, in the threshold case,
the spectrum near the lowest Landau level is purely absolutely continuous. In this paper, we
shall characterize the eigenfunctions corresponding to the second Landau level and show the
absolutely continuity of the spectrum near the second Landau level in the threshold case.
x 1. Introduction
We identify a vector z = (x; y) 2 R2 with a complex number z = x + iy in the








where a = (ax; ay) is the magnetic vector potential. We assume the magnetic eld
rota = @xay   @yax satises
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in the distribution sense, where B is a positive constant,  is a real number satisfying
0 <  < 1,   is a lattice of rank 2 in R2 and  is the Dirac measure concentrated at























We dene a operator L by
Lu = Lu; u 2 D(L) = C10 (R2 n  ):
L is a positive symmetric operator on L2(R2). We denote the Friedrichs extention of L
by H. It is shown that
D(H) = fu 2 L2(R2) \H2loc(R2 n  ) j Lu 2 L2(R2);
lim
z! ju(z)j = 0 for any  2  g:(1.3)
From the inequality H  B, it follows that (H)  [B;1), where (H) is the spectrum
of H.
We prepare some notations. Let H0 be the Schrodinger operator with constant
magnetic eld B. It is well-known that
(H0) = fEn j n = 1; 2;    g;
where
(1.4) En = (2n  1)B
which is an innitely degenerated eigenvalue and is called the nth Landau level. Let
!1; !2 2 R2 be a basis of the lattice  , that is   = !1Z  !2Z and we assume
Im(!2=!1) > 0: The set 


















j+  2 Q
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is called the rational ux condition. The number of the left-hand side is the magnetic
ux in a fundamental domain divided by 2. For an interval I  R, PI(H) denotes the















which satises the equation
(1.6) 0(z) = (z)(z):
Our results in [1] are the followings.





j+  > 1 , then E1 = B is an innitely degenerated eigenvalue of H,












j+  < 1, then E1 is not an eigenvalue of H. If we additionally
assume the rational ux condition (1.5), then there exists a positive number " such that





j+  = 1, then E1 is not an eigenvalue of H, and E1 is the edge
of the purely absolutely continuous spectrum, i.e. there exists a constant E such that
B < E  3B, [B;E)  (H) and RanP[B;E)(H)  Hac, where Hac denotes the
absolutely continuous subspace for the operator H.




j+  > n for some
positive integer n, then En is an innitely degenerated eigenvalue of H.
Following theorem is our main result in this paper.





j+  > 2, then E2 is an innitely degenerated eigenvalue of H, and the


















j+  = 2, then E2 is not an eigenvalue of H and
E2 2 ac(H);
where ac(H) is the absolutely continuous spectrum of H.
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x 2. Outline of the proof of Theorem 1.1
Proposition 2.1. We have
Hu = E1u
for u 2 D(H) if and only if
(2.1) u(z) = e 
B
4 jzj2 j(z)j (z)f(z)
for some entire function f(z) and u(z) 2 L2(R2):
Proof. We dene an operator A by




(@x   i@y). From (1.6), we have
(2.2) A = e B4 jzj2 j(z)j (2@z)eB4 jzj2 j(z)j:
Then three operators A;Ay and L satisfy the following relations:
L=AAy +B
=AyA B:(2.3)
Since H is the Friedrichs extension of L, (2.3) implies that
(2.4) ((H  B)u; u) = (AyAu; u) = kAuk2
for u 2 D(H). Therefore we have that Hu = Bu if and only if
(2.5) Au = 0 in C n  




where h(z) is a holomorphic function onCn : From the boundary conditions lim
z! ju(z)j = 0
for any  2  , the function h(z) must be factorized as h(z) = (z)f(z) with an entire
function f(z).




for j = 1; 2. Then we have the Legendre relation:
(2.6) 1!2   2!1 = 2i;
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and
(2.7) (z + ) = ( 1)m+n+mne(z+ 2 )(z);
where  = m!1 + n!2 and  = m1 + n2 for m;n 2 Z (see, e.g. [3]).
Outline of proof of Theorem 1.1. (i) Let
f(z) = P (z)e( 1)z
2
;
where P (z) is an arbitrary polynomial and  =
i
4j
j (1!2   2!1): Let u be the function
given by (2.1) with the above function f . By (2.6) and (2.7), we have
ju(z)j  Q(z)edjzj2 ;





j . Since d is
negative by the assumption, the solution u belongs to L2(R2). Thus E1 is an innitely
degenerated eigenvalue of H.





Putting g(z) = f(z)e ( 1)z
2
, we have
(2.8) ju(z)j  Cedjzj2 jg(z)j
for z satisfying dist(z; ) >  for some  > 0. Since d is positive by the assumption, the
solution u dose not belong to L2(R2) by (2.8).
x 3. Outline of the proof of Theorem 1.3





j+   2. If Hu = E2u for u 2 D(H), then
we have
A2u = 0:
For a > 0 and w 2 C, let
Ba(w) = fz 2 C j jz   wj < ag
and
Da = C n [2 Ba():
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For suciently small  > 0 > 0 and  > 0, we dene
Dn = D \Qn and gDn0 = D0 \Qn+;
where




Proposition 3.1 is derived from the following Lemmas.
Lemma 3.2. If Lf = E2f for f 2 H2loc(R2 n  ), then we have
kA2fkL2(Dn )  CkfkL2(D˜n
0 )





j+  > 2. If Hu = E2u and A2u 6= 0, then there
exists a constant c1 > 0 such that
kA2ukL2(Dn )  ec1n
2





j+  = 2. If Hu = E2u and A2u 6= 0, then there
exists a constant c2 > 0 such that
kA2ukL2(Dn )  c2n
for any n 2 N:
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